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FOREWORD

In the development of training equipment designed to support the
trainind requirements of the Apollo program, a preliminary study of the
various spacecraft flight problems has been made. These studies involve"
the complete lunar mission and include lunar environment studies as well
‘as earth environment studies.

Through the use of ordinary dynamics and mathematical techniques,
an effort has been made to describe the flight of the Apollo vehicle from
launch to lunar landing and return. This description is intended to provide
a criteria for analog and digital computer design.

The descriptions included, utilize state of the art simulation standard
expressions for flying vehicles. Much of the data has been derived from
formerly proven techniques in mathematical description, which have been
used for computer design criteria. Other data included has been obtained
from NAA preliminary Apollo vehicle analog computer studies.

The environment descriptions are both lunar and earth. Mathematical
descriptions are devised to provide a non-polar orbit and a polar orbit.
Selection of these descriptions depend upon the necessity of using polar
orbit or non-polar orbit. There are differences in complexity of the
computing equipment, and also selection can be made between analog and
digital requirements, in establishing polar and non-polar mathematical
descriptions. '

The lunar description has been devised using dynamic analysis and
celestial mechanics data. Information inputs have been from many sources
to devise the lunar description. At this writing the lunar mathematical
formulation is considered basically sound; however, the lunar study is not
complete, '

The formulations provided are suitable for digital and hybrid analog/
digital computation. With ordinary hybrid digital and analog computing
equipment, the translation equations would be solved digitally while the
Euler equations would be solved by analog methods, For a completely
digital computation, it is suggested that the Euler Angle equations be solved
utilizing quaternion description of the nine Euler Angle transformations.

It is expected that computations would be excessive for a completely analog
computation for any of the models presented.
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These models presented have the desirable feature that the coordinates
used in the translation equations do not depend upon the vehicles angular
orientation. As a result, the components of the vehicles velocity in these
coordinate systems cannot change value rapidly unless the velocity vector
of the vehicle changes magnitﬁde or direction rapidly. This should serve
to allow improved computer dynamic characteristics. To further improve
computer characteristics, the '"gimbal lock' of the Euler transformation
has been removed from the pitch axis and inserted in the roll axis. This
will allow tumbling of the Apollo vehicle in the pitch plane. This should

provide better overall simulation of the vehicle flight.
These formulations are expected to provide the basic computer

descriptions within the development of all Part Task Trainers and the
Mission Simulator.

- ii -
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NOMENC LATURE

ACCELERATION VECTOR OF VEHICLE RELATIVE TO INERTIAL
AXES,

PARAMETER DESCRIBING EARTH OBLATENESS.
AERODYNAMIC FORCE. VECTOR.

WITH APPROPRIATE SUBSCRIPTS, COMPONENTS OF F
REFERRED TO SELECTED AXES.

GRANITY FORCE. VECTOR.,

ALTITUDE.,

CONTROL FORCE VECTOR.

WITH APPROPRIATE SUBSCRIPTS, COMPONENTS OF =
REFERRED TO SELECTED AXES.

UNIT VECTORS ALONG THE X, Y, 2 AXES, RESPECTIVELY
WITH APPROPRIATE SUBRSCRIPTS, UNIT VECTORS ALONG
AXES \N OTHER SETS.

MOMENTS OF INERTIA OF VEHICLE. ABOUT THE Xa,Ya,Zg
AXES, RESPECTIVELY.

PRODUCT OF INERTIA OF VEHICLE ABOUT Xa AND Za AXES.
WITH APPROPRIATE SUBSCRIPTS, COMPONENTS OF
CONTROL MOMENT.

GRAVITY CONSTANT

COMPONENTS OF THE AERODYNAMIC MOMENT, REFERRED
TO THE Xa,Ya, Za AXES, RESPECTIVELY.

VEHICLE MASS.

PROPULSIVE FORCE VECTOR.

WITH APPROPRIATE SUBSCRIPTS, COMPONENTS OF P
REFERRED TO SELECTED AXES.

COMPONENTS OF ANGULAR VELOCITY OF VEHICLE
RELATIVE TO INERTIAL AXES, REFERRED TO THE Xa,
%) Zp AXES RESPECTIVELY.

RADIUS VECTOR FROM EARTH CENTE.R TO VEWICLE
CENTROID.

LENGTH OF F.

DIFFERENCE BETWEEN v AND Rg.

EARTH RADIUS IN THE EQUATORIAL PLANE.

EARTH RADIUS AT A LOCAL POINT ON THE EARTH'S
SURFACE.

ARITHMETIC MEAN OF THE EARTH'S RADIUS AT POLE
AND EQUATOR.

i - SOOREIDENTIAR
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TIME,
WITH APPROPRIATE SUBSCRIPTS, COMPONENTS OF
PROPULSIVE MOMENT,
VELOCITY VECTOR OF VEHICLE RELATIVE TO INERTIAL
AXES,
Va VELOCITY VECTOR OF VEMICLE RELATIVE TO THE AIR
Va WITH APPROPRIATE SURSCRIPTS, COMPONENTS OF W,
REFERRED TO SELECTED AXES.
Ve VELOCITY VECTOR OF VEHICLE RELATIVE TO THE Xg,Ye,Z¢
FRAME.
~Nw WIND VELOCITY VECTOR RELATIVE TO THE Xg, Ye,2g FRAME.
w WITH APPROPRIATE SUBRSCRIPTS, COMPONENTS OF Vw
REFERRED TO SELECTED AXES.
Va MAGNITUDE OF Va.
XY,z INERTIAL AXES. WITH APPROPRIATE SUBSCRIPTS, OTHER
AXIS SYSTEMS.

4 A4

®  ANGLE OF ATTACK.
(<] ANGLE OF SIDESLI\P,
®  EULER ANGLE ESTABLISHING VEHICLE ORIENTATION.
A ANGLE ESTABUSHING INITIAL DIRECTION OF NOMINAL
TRAJECTORY.
Ar  ANGLE ESTABLISHING LOCAL. DIRECTION OF NOMINAL
o TRAJECTORY.

W GRAVITY CONSTANT. , ,

$ GEOCENTRIC LATITUDE OF VEHICLE.

3 GEQCENTRIC LATITUDE OF LAUNCH POINT.

I3 SPHERICAL ANGULAR COORDINATE OF VEHICLE MEASURED
NORMAL TO NOMINAL TRAJECTORY PL ANE.,

¢ EULER ANGLE ESTABULISHING VEHICLE ORIENTATION.

'Q' GEOCENTRIC LONGITUDE OF VERICLE MEASURED FROM
LAUNCH POINT.

“Pr SPHERICAL ANGULAR COORDINATE OF VEHRICLE MEASURED

’ ‘ IN NOMINAL TRAJECTORY PLLANE.

¥ EULER ANGLE. ESTABLISHING VEHICLE ORIENTATION.

N EARTH ROTATIONAL VELOCITY, | :

e ANGULAR VELOCITY VECTOR OF VEHICLE. RELATIVE TO
INERTIAL FRAME,

We ANGULAR VELOCITY VE.C.TOR OF Xg,Ye,Ze FRAME
RELATIVE TO WNERTIAL FRAME.,

SID 62-387
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o

ANGULAR VELOCITY VECTOR OF Xg,VYe,Bg FRAME
RELATIVE TO INERTIAL FRAME.,

ANGULAR VELOCITY VECTOR OF Xy, YW\ By FRAME
RELATIVE TO INERTIAL FRAME,

ANGULAR VELOCITY VECTOR OF Xg,Yr, By FRAME
RELATIVE TO \NERTIAL FRAME,

Wye ANGULAR VELOCITY VECTOR OF Xg, e, Zr FRAME.

SURSCRIPTS

BODY AXES.
EARTH ROTATING AXES.
EARTH=VERICLE GEOCENTRIC AXES REFERRED TO
NOMINAL TRAJECTORY PLANE,
EARTH = VERICLE GEOCENTRIC AXES REFERRED TO
LQUATORIAL PLANE.,
VEHICLE GEOCENTRIC AXES,.
VERICLE WIND AXES. .

%y COMPONENTS ALONG BODY AXES XaYo,2q RESPECTIVELY,

Y COMPONENTS ALONG Xa,Ya)Za AXES RESPECTIVELY.

® n&p;yy COMPONENTS ALONG Xy Yoy Zv AXES RESPECTIVELY,

g8

£$¢ 06 Wno

V- ~OBNHBENTIN
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NOTE ! WIND AXES, (Xw, Yw, Zw), NOT SHOWN.

A}

Figure 1
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R ~
[ ) I INERTIAL AXES (X,Y, E)

. ORIGIN AT EARTH CENTER.

2. UNIT VECTORS (L, 4, k).

T E-AXIS COWNCIDENT WITH EARTH POLAR AXIS,
POSITIVE NORTH.

A.X -2 PLANE CONTAINS INITIAL POS\TION OF VEHICLE.

I EARTH AXES(Xe, Ye, Z¢)

l. ORIGIN AT EARTH CENTER.

2 UNIT VECTORS (Le, Ju, &e)-

3. Zg-AXIS COINCIDENT WITH EARTH POLAR AX\S,
POSITIVE NORTH,

4. INITIAL POSITION COINCIDENT WITH INERTIAL AXES.

I EARTH-VEHICLE ORBIT PLANE GEOCENTRIC AXES(XeYe 23

L ORIGIN AT EARTH CENTER.

2. X ~AXIS PASSES THROUGH VERICLE CENTROID.
B Xf -Ye PLANE 19 NOMINAL TRAJECTORY PLANE.
4. ¢ POINTS ESSENTIALLY IN DIRECTION OF FLIGHT.

5. Z¢ POINTS LEFT WHEN LOOKING IN DIRECTION OF
FLIGHT.

@. UNIT VECTORS (ir , ¢, k¢).
‘ IZ EARTH-VEHICLE GEOCENTRIC AXES (Xa,Ya,Zg)

L ORIGIN AT EARTH CENTER.

2. Xa-AXIS PASSES THROUGH VEWICLE CENTROID.

3. Xa-Zq PLANE CONTAINS EARTH POLAR AX\S.

4. % -AXIS LIES IN THE EQUATORIAL PLANE.

5. 2e-AX\S \S POSITIVE NORTH OF EQUATORIAL PLANE.
G UN\T VECTORS (L, e, 4a)-

XZ VEHICLE BODY AXES(Xs,Yn, Zg).

I ORIGIN AT VEHRICLE CENTROID.

2. Xa- Ze¢ PLANE COINCIDENT WITH PLANE OF SYMMETRY
OF VEHICLE. |

. Za-AXIS POSITIVE DOWNWARD, NORMAL TO Xg-AX\S.

4. Xg-AX\S POSITIVE FORWARD.

% Yo-AXIS POSITIVE RIGHT LOOKING FORWARD AND
NORMAL TO Xu.

6. UNIT VECTORS (de, &, KRa)-

e | TONFDENT
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o T VEHICLE WIND AXES (Xws Yoy BEw)e

1L ORIGIN AT VEHICLE CENTROID.
2. Xw -AXIS POINTS IN DIRECTION OF VERICLE VELOGITY
RELATIVE TO AIR.
B.Z,-AXIS LIES IN PLANE OF SYMMETRY OF VEHICLE,
4.Yu-AXIS POSITIVE RIGHT LOOKING TOWARD POSITIVE Xy
AND NORMAL TO Yw.
5. THESE AXES ARE REACHED FROM Xp,Ya, Zg AXES
BY ROTATION.
) ABOUT Va-AXIS THROUGH ANGLE (-«).
b) ABOUT Za-AXIS THROUGH ANGLE (@ )
G. UNT VECTORS (Lw, fw; kw)e

Yl VEHICLE GEOCENTRIC AXES (Xv, YvsEv)

I. ORIGIN AT VEHICLE CENTRO\D.

2. Xy -AXIS POSITIVE NORTH.

3.V - AXIS POSITIVE EAST.

A Zy-AXIS PASSES THROUGH EARTH CENTER.
5. Xv-Z, PLANE. CONTAINS EARTH POLAR AXIS.
G. UNIT VECTORS (Lv, fvs kv).

»'| SPACE and INFORMATION SYSTEMS DIVISION
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TRANSFORMATION FROM INERTIAL TO EARTH AXES

IWWERTIAL AXESIX,Y, 2

EARTH AXESiXe, Vg, B¢,

. UNIT VECTORSD: (i 4,k) AN\::(L@J 4e, &e)-

2 E,
-X
| ‘
: & 14 A -:__
£ /\\#\t\

— \g
2N
f \\,,&'év /
o~
Nt W
X xc

ig = L cos Nt + 4 8NNt +R©)

4e = A oINSt + 4 COB et + & (O)

Jeg = () + () + R0)

i COS Net SIN Ngt o] (&
{e}s -SN et cosnet o| {4
. o \ /

| (@)

Figure 2

-4 -

SID 62-387

Ne



NORTH AMERICAN AVIATION, INC.

GORHBE—

o ROTATION FROM EARTH AXES TO EARTH-VEHICLE GEDCENTRIC AXES
EARTH ROTATING AXES (Xg, Y, Zg). .
EARTH-VEHICLE. GEOCENTRIC AXES (X6, Ya, &q).
UNIT VECTORS : (ke, de, keg) AND (g, Ha, o).

/ | SPACE and INFORMATION SYSTEMS DIVISION

z  Zg
Xa
AT "7
e // |
ad \ e f
Pid \ // |
i 1 I e I
(m————— 3 t
I
! | }
| i |
! i |
| - A X ———-
} //\
| i \ pe”
a - \
' /'// //
[
P

Xe

ign (g cos P + 4e N Q) cos § +hegon
4o=-de oIN + e cos § + ke (o)
w(-igcosP -fe SIND)SIN D +hy cOS

iq cosd o sind| [cos T s o] (e

jol=| © \ © |'|-sNE cosd o (je

*e) | -3iINg o cosd Lo o L e
- = —w— —~
(@] (@]

‘ Figure 3
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CONTOENS— 2

ROTATION FROM EARTH-VEHICLE GEQOCENTRIC AXES TO
VEHICLE GEOCENTRIC AXES

EARTH -VEHICLE GEOCENTRIC AXES (Xg,Ye Zq)
VEHRICLE GEQCENTRIC AXES (Xv,Yv, Zyv)

UNIT VECTORS ! (La, 4a,Rg) AND (Lv, 4v; dev)
Xg-Zg PLANE CONTAINS EARTH POLAR AXIS
Xy -Zv PLANE. CONTAINS EARTH POLAR AXIS

o=

Ay = dg(0) +46(S) + K (t)

, dv =ha(®) ¥ iall) + %e(0)
oy 2 da (=) +46(0) + fa (o)

i ° o) \ g
jvy=| o v o lje
Ry] |-\ S o], ke
(@]
Figure 4
6 - ~GONRREMIIAL
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ORIENTATION QF VERICLE BODY AXED RELATIVE TO THE
VEHICLE, GEOCENTRIC AXES

VEHICLE BODY AXES (Xa, Ya.Zp)

VEHICLE GEOCENTRIC AXES (Xv, Yv, 2v)

UNIT VECTORS § (Ln, 4g,Re) AND (i by, o)

ig cos8 © -S\N® \ o  © cosy sing o |{iy
48\=| © | o o cosd SING -SINY  COsY O {liv
Re SIN®G O cos8| |© -s\Nd cos () © ke
AN ~— /\ — VAN ~ /
@] @ - (3]

‘ Figure 5
-7 TREIDENHAT
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ORI\ENTATION OF VERICLE BODY AXES RELATIVE TO THE
VEHICLE GEOCENTRIC AXES

THE ORIENTATION OF VEHRICLE BODY AXES RELATIVE TO THE
VEHICLE GEOCENTRIC AXES,AS SHOWN IN FIGURE. 5, 1S ACCOMP-
LISHED '\N THREE STEPS AS FOLLOWS:

STEP NO.| ¢ ROTATION ABOUT THE Zg-AXIS THROUGH ANGLE
AS SHOWN IN FIGURE S A, WHERE (@) DENOCTES
INTERMEDIATE. POSITION OF Xg,Yg, 2a.

Xv X"

k /4
~_h®
v 7

2y 3 Zg' Y

-xv
FIGURE, 5A
Ly Ly COSY + 4y SIN ¢+ (0)
i:n =-LvSINY + iy COSY + ky (O)
'z iv(@©)  +v(0) RO

ig cosYy  SINY o iy
je\z|-osNy  cosy o | l4v

Yy o} o \ Ry
\. v V4

(@]

" “COREGENEAT
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STEP NO.2! ROTATION ABOUT THE Xg-AX{S THROUGH
‘ ANGLE ¢ AS SHOWN IN FIGURE 5B, WHERE
(#) DENOTES INTERMEDIATE POSITION OF Xp Y, Zp.

ig
4e
Re'

Xg) \Xe
AD
4
is'l.
*lis
YB“
\Y

FIGURE SB

Lg = Lg() +4u'(0) +la' (0)
48 =Ag (@) +{8COD D+ kg SING

o
o
N—_——

ke =ip (0) -,igsmcb + g COSD

\

o
oS¢
-5\

o ig
SING 'y
cosd | (ke

(@]

SID 62-387
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. STEP NO.3 ! ROTATION ABOUT THE Ya-AXIS THROUGH
ANGLE 8 AS SHOWN N FIGURE SC.

Ze FIGURE SC

‘ ig =i COS0 +48(0) —leg SING
jo =id(0)  +4g(1) + _hen (O)
ke =ig SINQ +ig (0) + ke COSO

4

ie cos 6 o -siNe | iy

b =] © \ o 4e

Ao SIN© o cose| \ke
\. /

4

(@)

10 "R BENFAE
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WD NS

' VERICLE BODY-WIND AXES
VEHICLE BODY AXES(Xe, Ya, Ze)-
VEHICLE WIND AXES (Xwa ¥yy Zw)-
UNIT VECTORS : (is, 48, %s) AND (dow, dwy How)-

/ SPACE and INFORMATION SYSTEMS DIVISION

FL\G\-\TZ X Ly !
PATH 8 { y
=

dw=(leCOS o + ke SINK)COS B + 48 3N B

dw = 4o COSE ~(1s COBA + ke SINK)SIN 8

Ao = = Agy SINCC + Ky COS &

w cose SING O Comsx © SINK | {ig
= -SING cCosp o) o \ (o} ,35
) o o \_|, oo o cosa] (ke

(@) (©)

‘ Figure 6
- ~CONFDENTIE
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ORI\ENTATION OF ORBIT PLANE RELATWVE TO INERTIAL AXES
INERTIAL AXES (X, Y, Z)
X e F- INTERMEDIATE POSITION OF Xz, e, Be.

UNIT VECTORS (L, §,-0) AND (ip) 4#, Sy

QL—GEOC.ENTR\C LATITUDE OF LAUNCH POINT,

A ~ANGLE. ESTABLISHING INITIAL DIRECT\ON OF
NOMINAL TRAJECTORY.

Figure TA

Sz -
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QRIENTATION OF ORBIT PLANE RELATIVE TO INERTIAL AXES
EARTH-VEHICLE ORBIT PLANE GEOCENTRIC AXES (Xg, Ye, Be)
X \YE, Z - WTERMEDIATE POSITION OF Xg,\YeoZe

UNIT VECTORS : (ke, frs Se) AND(Le'y 4F, Rg).

- = SPHERICAL ANGULAR COORDINATE OF VEHICLE

MEASURED IN NOMINAL TRAJECTORY PLANE. ABOUT
Z-AXIS.

{

$._ - SPHERICAL ANGULAR COORDINATE OF VEHICLE

MEASURED NORMAL TO NOMINAL TRAJECTORY,
CABOUT Y- AXIS.

Figure 7B
- 13 -
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ORIENTATION OF ORBIT PLANE RELATIVE TO INERTIAL AXES

THE ORIENTATION OF QRBIT PLANE RELATIVE TO
INERTIAL AXES 1S ACCOMPLISHED IN FOUR STEPS AD
SHOWN N FIGURE TA AND FIGURE 1B AND \S AS FOLLOWS:

STEP NO.|l: ROTATION ABOUT THE WY-AXIS THROUGH ANGLE @L
ADS SHOWN IN FIGURE BA.

Z i ZF"‘

X Figure 8A
(Refejence Figure TA)

COMPUTING FOR L', 46, ke" WE OBTAIN THE FOLLOWING:

ig =i cos i+ koN §; i) [cosdi o amdi| (4
.Fn- = !' = 1‘Fn\ - o \ o

4
deem =il )+ kcos & k) |- © cosdy &
A

, [Q0)]
STEP NO,2 ! ROTATION ARQUT THE Xg"-AXIS THROUG’ ANGLE
AS SHOWN IN FIGURE BB.

YF“
a |
\
ALY __t\(Fm \\
XEUS Xe' Pigure 8B
‘ (Reference Figure T7TA)
14 ONFPENFAT
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COMPUTING FOR Ag, %pu, A" WE OBTAIN THE FOLLOWING:

oy :JL:H\ : Ag \ 1=} o i
%Fu =éF|n Cos A +“kF“‘ SIN A ip. =1 Q C%A S‘Nz 4'”

Ke' =4 SIN A+ ket cos A () [0 —sina COSA |, Lhe

(@)
STEP N0.3: ROTATION ABOUT THE Ze'-AXIS THROUGH ANGLE ¥,
AS SHOWN IN FIGURE &C.

E:\\ ZF\
s C»r
:

‘kF“-, &F|

. )-(“ \ \(Fl
Y] ! /Q'
) — _“E—F" - ;1 YF"
LE -
-“k
)
Xg Q'

XF' FIGURE 8C .
(REFERENCE FIGURE TB)

COMPUTING FOR Ly, "F“» e WE, CETAIN THE FOLLOWING®

YIN\O »
Ag = A COS (L: +,an~ SIN Q. Aig' C.OSQ; SINQ= o LA
4 =4 COS Te =L SN §  =ge §= ~SIN, cosgo 4

N d 1/ *F'
(3]
STEP NO.4: ROTATION ABOUT THE Y -AXIS THROUGH ANGLE. 3.
AS SHOWN IN FIGURE 8D.

‘k ) =*F"

S5 - ~SCONFIBENHAE
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W e
Zi N\ \_/j
\\_l
- UL /
‘ Zo Ze

e
K7
/ e
Ly
» 5
. / /,),-‘\
Xg Ag / //
. S— P C YF‘ Y
// \ 4Fy 4F ) F‘
(3 / -)j
FIGURE 8D

Xg' (REFERENCE FIGURE B)
COMPUTING FOR if, jr, deg WE OBTAIN THE FOLLOWING
Jp= i COS §p +dee SN §p  (ig cos@. © sIing, Ag'

iF =4 AF o i\ o »iF'
ke =ke' COS . —Aip SIN §e ke ¥—5\N<§, o s, ke
. FINALLY BY SUBSTITUTION IN STEP NO.| THRO\[:&?FK STEF NO.4
WE OBTAIN THE FOLLOWING RESULTS
. STEP NO.i
dpt=icos §; vk aiN §;
[ =

e =Ll oIN G+ ko §3

STEP NO.2
Agt=ACos P, vk NG
48" =4 Cos A+ Q.(—sm @i\ +Acos §3 SIN A
K" =-4SIN 7\-\-\}(-5‘&1 $i\+Akcos §:\ CoS A

S e "OONMDENFHAR
| \
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THE ORIENTATION OF THE Xg,Ye, 2z AXES RELATIVE TO THE
‘ EARTH ROTATING AXES Xg, Y, Zg, 'S OBTAINED AS FOLLOWS:
FROM FIGURE 2 WE HAVE THE MATRIX FORM

Ag ‘_c:_os.n.et
4el=FSINnet

e (@]
\

SIN et
CoOS N, t
(o)

o
Q
|

V4

i
4
de

]
TRANSPFPOSITION OF ‘!gf-)\\s MATR!X, AS SHOWN IN FIGURE T ’
RESULTS IN THE MATRIX FORM

A COSNet

Je o)

\

——

- SIN et (o}
‘ SIN et COS Nt O
| o \
- —_—d/
(@] 22
D
4
Y

L=igCOSMet —4eSINQLgt + JofO)

' b .
4= g SINSLet +4e COSLeT + e (O)

de=4e(©)

+ 4:(0)

+deg (1)

NOW PERFORMING MATRIX MULTIPLICATION OF STEP NO.5
MATRIX WITH THE TRANSFORMATION MATRIX OF FIGURE 3

Ae
4e
e

OBRTAINED ABOVE WE OBTAIN THE FINAL RESULTANT

MATRIX

-19 -
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THE ORIENTATION OF THE VEHICLE BODY AXES, Xa,VYa, g,
® RELATIVE TO THE NEW GEOCENTRIC AXES 1S DETERMINED By
MEANS OF EULER ANGLES Y, $,8 SIMILAR TO THOSE USED
. PREVIOUSLY, EXCEPRPT THAT THEY ARE NOW REFERRKRED TO
THE NEW GEOCENTRIC AXES., THUS, SINCE Xg,Ye, B¢ AXES TO
%Xv, Y, By AXED HAS THE SAME RESULT AS Xg,Ya, 2a AXES TO

X, Yo, By AXES, FROM FIGURE 4 PAGE G AND FIGURE S PAGE.T?
WE OBTAIN :

ig) [cose o -sme | [ o O]fcosy sinw Q) [e o Tl{ir
is © 1+ o O COS¢ SIND| [-SINY Cosy o] |O \ Ol lje
bp] [SINO O COS8| |0 -SING COS@| | O o V=t o of e
h— — -~ - ~ —w /
(@) ] @) (@]

IN THE COURSE. OF THE ANALYSIS IT WILL BE DESIRABLE TO
DETERMINE THE GEOCENTRIC LATITUDE & AND LONGITUDE. V.
A RELATIONSHIP BETWEEN $ AND 7 ON THE ONE HAND AND
P AND Y ON THE OTHER 1S THUS REQUIRED. WE PROCEED

TO ESTABLISH SUCH A RELATIONSHIP BY WRITING THE
TRANSFORMATION,

® i\ EEEdEE

b 13

SINCE. ke =dg, WE MAY WRITE

o\ <[@[@ @@ [ @E] |

OR \

W l= [@@eiE |-

Qo 1~

WHICH YIELDS THE FOLLOWING RELATIONS:

- el ~OONEDENTI—
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‘ (" cos(+net)cosF =cosPicos cosd,

~sSINE; SINA SN cosd -SINGLCOD A SN

@) SIN(F+et)cosP =Cos A SINFLCOS §-SIN A SIN e

(3 9N G = 3ind; cos Py o5 P +COS i SIN A SIN COS &

+condcosA P,

FROM WHICH THE COORDINATES f AND § MAY BE
DETERMINED. ~

22 ‘ a ]
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‘ MODEL, ONE.

MODEL ONE 1S THAT MODEL WHICH SHOWS THE RELATIONSHIP
OF ROTATION BETWEEN THE FOLLOWING AXES:
INERTIAL (XY, Z), EARTH (Xg, Yg, 2r), EARTH-VEHICLE GEOCENTRIC
(e, Yg, Zq)y VEHICLE BODY (Xa,Ya, Zg), VERICLE GEOCENTRIC (Xv,Y, BV),
AND VEHICLE-WIND(Xw,Yw, Zy).

NOTE ! MODEL ONE DOES NOT INCLUDE A POLAR ORB\T,

DIFFERENTIAL EQUATIONS FOR EULER ANGLES OF MODEL. ONE

A SET OF DIFFERENTIAL EQUATIONS GOVERNING THE EULER
ANGLES, 8, $, ¥, 1S NOW FORMULATED. .

THE ANGULAR VELOQITY, Gig, OF THE VEHICLE RELATIVE. TO THE
INERTIAL AXES MAY BE WRITTEN AS FOLLOWS:

Dn =PLy + Qjg + Ry QO

WHERE P, Q AND R ARE. THE COMPONENTS ABOUT THE Xa,yYa ., 2a
AXES RESPECTIVELY. THIS EQUATION MAY BE WRITTEN IN THE

MATRIA FORM: P
k‘r’b} = {Q} @)
B R

‘ IN WHICH THE ELEMENTS ARE COMPONENTS OF THE VECTOR AND
THE SUBSCRIPT OQUTSIDE. THE BRACKET IDENTIFIES THE AXES

SYSTEM WITH RESPECT TO WHICH THESE. COMPONENTS ARE
TAKEN. WE NOW PROCEED TO RELATE THESE COMPONENTS
TO THE EUWLER ANGLES, 8, ¢, ¥, THE GEOCENTRIC COORDINATES
3 AND T, AND THEIR DERIVATIVES. IN DOING THIS WE SET UP
AN ALTERNATIVE REPRESENTATWE FOR 0g.

WE FIRST WRITE, IN MATRIX FORM, THE ANGULAR VELOCITY, T,
OF THE EARTH ROTATING AXES, Xg, Yg, 2, RELATIVE TO THE
NERTIAL AXES, BUT RESOLVED ABOUT THE EARTH ROTATING AXES,

FEEEE

THE ANGULAR VELOCITY OF THE EARTH- VERCLE GEOCENTRIC
AXES, XgG,Yg, Zq, RELATIVE. TO THE INERTIAL AXES, BUT RESOLVED
ABOUT EARTH- VEHICLE GEOCENTRIC AXES \S!

(= @@=, + (@ {T} e @\

. | —SONRDENM
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-

T -

® o;.: {me}e 4@}{5 ‘% + {%} (;ﬂ

THE ANGULAR VELOCITY OF THE VEHICLE GEOCENTRIC AXES,
Xy, Y, By, RELATIVE TO THE INERTIAL AXES, BUT RESOLVED
ABOUT THE VEKICLE GEOCENTRIC AXES \S!

(mv}v @ (‘-‘"G};[@] @]{R:Eﬂi} +[@) {%} (5)

FINALLY, THE ANGULAR VELOCITY OF THE VERICLE BODY AXES,

Xm, Yo, Zp, RELATIVE TO THE INERTIAL AXEDS, BUT RESOLWVED
ABOUT THE VEHICLE BODY AXES \S:

(=} =D EE1F) +AleNs] {W } +{) r@f } +£®J{§}

EleEEE; \oesed]
o b)) (=)
S
. ;Y EQUATING AND REDUCING EQUATIONS (2)AND &) WE

&) oeeemn]; o+ eeE (i)

[C-Qse o -%mecos:;] {gs} .
+| ° \ SING é )
SIN § O cosecosg ¢
NORS
{g} {cose o -siNecos]™ {p‘ °

U N Q\- ° \
¥ 5!?46 o cos@ cch R [Gj@@[@j@&d!} (8

- [feeie (3]

o
o

- ~GONREMR s
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cee e AN

. —

. PERFORMING THE INDICATED MATRIX INVERSION AND
MATRIX: MULTIPLICATIONS, AND REDUCING, WE FINALLY
OBTAIN IN SCALAR FORM THE EQUATIONS:

/ .
6 =P 8IN 8 TANP + Q-RCosOTANG+Ecosy s b HRevF)cosE sing sEcd (9)

¢ =P cos8+RSNE +§sm¢ -(ne;\'y) cosd cosy (10)

L]; =-P sING SECH+ RCOSOSECH - :§cosq; TAN ¢
-Qrz;-r@-)ccs $ SIN Y TANG+(Ng +‘Q~) oIN &

Q)

TRANSLATIONAL EQUATIONS OF MOTION

LET THE RADIUS VECTOR FROM THE EARTH'S CENTER TO THE
VERICLE CENTRO\D BE ¥. THEN THE VELOCITY VECTOR RELA-
TIVE TO THE WERTIAL AXES 195 GIWEN BY:

V=£= %;)vaex? (12)
WHERE ( £-) . DENOTES A PARTIAL DIFFERENTIATION IN WHICH
‘ i, 4o, kg, ARE HELD FIXED,
WITH F=rig WHERE v =IF| . (3
FROM EQUAT\ON (4): _
e =(ne + ) smig- iot (e +E)cos e 04)
EQUATION (12)BECOMES! -
V=it rle+T)cosdiatr §Re (15)

THE ACCELERATION VECTOR RELATIVE TO THE INERTIAL AXES
MAY NOW BE WRITTEN ADS FOLLOWS ¢

3= =(B)e+ mexv
F=|\¥- r{i‘*«(ﬂe +~'¥)1C°§§w;]1'a
+‘£zv‘r(n_g+ -ty)wi[r} cos § ~2F§(ﬂe*“?\5‘“§]’36 ()

s rd+erdrrine+F) andcos ﬂke

25 - TONFDENF
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THE GRANITY ACCELERATION VECTOR, INCLUDING THE EFFECT
OF EARTH OBLATENESS 15 WRITTEN AS FOLLOWS?

2 . R2
B o5 o (oo g)iar |2 s g osgli, O

WHERE G 19 THE GRAVITY FORCE VECTOR, T 1S THE VEWICLE
MASS, Rg 'S THE RADIUS OF THE EARTH AT THE EQUATOR

(Ro™= 20,926,428 FEET), AND K AND N ARE GRAVITY CONSTANTS
WITH THE FOLLOWING VALUES!

K=0.14077500 X \OTFTd sec?
Gp =1. 638 X\0™3

THE AERODYNAMIC, PROPULSIVE AND CONTROL FORCES ARE
FIRST COMPUTED WITH REFERENCE TO VEHICLE BODY AXES,
AND A TRANSFORMATION TO EARTH-VEHICLE GEOCENTRIC
AXES \S THEN EFFECT,

THE AERODYNAMIC FORCE VECTOR 1S WRITTEN AS FOLLOWS:

F =gt Fyja+ Pk,
SFrigt Foda*Faa,
THE PROPULSIVE FORCE VECTOR \S!
P=Riig*tRys * Reg
=Pric ™ Poja tPEk,
AND THE CONTROL FORCE VECTOR \S!

(8

(19)

ﬁ = Hg}?B*Hyis -+ HI&B Q ) .
' o
SUMMING CORRESPONDING COMPONENTS FROM EQUATIONS
(8), (:9) AND (20), THE FOLLOWING MATRIX EQUATION REPRE-

SENTS THE TRANSFORMATION FROM BODY AXES TO EARTH
GEOCENTRIC AXES

Fr + Pprt+Hy , Fyd R+ Hy
Fg + Py+ng) =[@EIAE] e+ myemy @
F§ + Pg +H} | Fa + Py + Hy

WHERE THE PRIME D’ENOTES MATRIX TRANSPOSITION. UPON

- MULTIPLICATION, THE TRANSFORMATION MA‘rF'ux BECOMES!

- 26 - =CONFIDENFRT
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CONMBENTRE~
® @eee = |
SIN 8 cosd ~a\WN ¢ -COs8cos ¢
SIN Y COSQ +COSY SINOSING COSYCOoSd SINY SINS-COSY CORO SIM
COSYCOSO0 —SINY SINSSING -sINYCOSP CODY SINSHSINYCOSO BN

THE CORRESPONDING TRANSFORMATION MATRIX IN THE @2
CASE OF CONVENTIONAL EULER ANGLES IS OBTAINED BY INTER-
CHANGING MATRICES [(@)] AND [N EQUATION (22).

SUMMING APPLIED, GRAVITY AND INERTIA FORCE COMPONENTS
N THE DIRECTION OF VERWCLE-GQEOCENTRIC AXES, WE HAVE THE
FOLLOWING THREE TRANSLATIONAL EQUATIONS OF MOTION IN
STERMS OF THE. COORDINATES ¥, ¥, aND 3

For(Br(nerfleotd)= -5 + 2R oo ncod It (Fre R @)
{r *i“a"r(ﬂv'fm} cosg-2ri(ner Pismd=w Fy +Rg+ i) @4)

r§rardrrines P omgcosg= “QLK;} sngcosg+m(Fg+ PytHg) @s)

GIVEN THE SHAPE OF THE OBLATE EARTH, APPROXIMATELY

AS FOLLOWS,

‘ > > RgaRe (1-FoINtE) (2¢)
WHERE Rg \S THE DISTANCE. FROM THE EARTHS CENTER TO A
LOCAL POINT ON THE EARTH'S SURFACE, AND

$=20.003370024
THE ALTITUDE W CAN BE DETERMINED FROM THE RE\_AT\ON,

h=r-Ro(\-fsind) )
\'T CAN BE SEEN FROM EQUATION (24) THAT “fr AND \TS
DERIVATIVES ARE \NDETERMINATE AT &= 90"., THUS PRECLUDING

THE USE OF THE PRESENT EQUATIONS FOR SIMULATION OF
FLIGHT OVER A POLE.
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CORFID N

‘ ROTAT\ONAL EQUATIONS OF MOTION

THE ROTATIONAL EQUATIONS OF MOTION DEVELOPED ON THE
BASIS OF MOMENT EQUILIBRIUM ABOUT THE BODY AXES ARE
THE. SAME AS THOSE FAMILAR \N AIRCRAFT ANALYSIS, FOR A
VEHICLE WITH THE Xg-Zg PLANE A PLANE OF SYMMETRY, THEY

SPACE and INFORMATION SYSTEMS DIVISION

ARE S
-%I""-(I'W —Iu\QR—IX?_(F.“’pQ\]*L*-TX +dx =0 @8)
- [ &y ~(Tr La)RP - La (RR-72) |+ MaTyr y =0 (9)
- ['.Rlu' (Tux-Tyy PR -Lp (P-Q RS]*—N AT+ Jy=O (=0)

WHERE Ty, Iyy, Lag, Ixz ARE MOMENTS AND PRODUCTS OF
INERTIA REFERRED TO THE BODY AXES, L,M,AND N ARE
COMPONENTS OF THE AERODYNAMIC MOMENT, Tx, T, AND

Ta ARE COMPONENTS OF THE PROPULSIVE MOMENT, AND
Jxydy AND J; ARE COMPONENTS OF THE CONTROL MOMENT,
ALL REFERRED TO THE Xa,Ya AND Zp AXES RESPECTIVELY.

ANGLE OF ATTACK AND ANGLE OF S\DESWLIP

WITH APPROPRIATE. MODIFICATION OF EQUATION (15), THE
VELOCITY OF THE VEHICLE RELATIVE TO THE EARTH ROTATING
AXES, Xg, Vg, Zg, BECOMES !

Te = Fig+ r-'q- cos§i‘¢+r‘:§a\z )}

IF WE NOW ALLOW A WIND VELOCITY GIVEN BY
v Vida Hugde vt Re (3
THE VELOCITY OF THE VEHICLE RELATIVE TO THE AIR BECOMES
Va=\a, bg +Vag ja ¥Vag e @3

WHERE V3 = ¥ —Vy,
Vag = r'vi cosd “Vwp
Va.§= rd _Vw§

- 28 -
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QONSENT

’ AND THE MAGNITUDE OF TH\S VELOQ\TY \S:

Va -\I\/alr + va’;! + \/3‘; (34

A TRANDSFORMATION TO BODY AXES MAY BE EFFECTED
AS FOLLOWS!:

Vax Vi,
Vay b = [GEIGI®Y Vo (2)
\/a‘ Vai
NOTING THAT
Va = Valy (o)
A TRANSFORMATION FROM WIND AXES TO BODY AXIS \S
GIVEN BY:
Va COS COS @

x Va
Vay = [ [@:r ol =wv3!{ =n8 (=)
Va, o) SINX COSQ

EQUATING THE RIGHT HAND SIDES OF EQUATIONS (35) AND (31),

WE HAVE.!
‘ cOs ot cos @ Nar/y,
sne ) =[AAEE e, o)
SINX Cos 8 Vag /Va

FROM WHICH & AND @ MAY BE DETERMINED. THE TRANSFORM-
ATION MATRIX IN THIS EQUATION S SEEN TO BE THE TRANSPOSE
OF THE MATRIX GIVEN IN EQUATION (22). THE CORRESPONDING
TRANSFORMATTION MATRIX IN THE CASE OF CONVENTIONAL
ELLER ANGLES |S OBTAINED BY INTERCHANGING MATRICES

(@ a~o [Q)] ™ EquATION (28).

- 29 - ~BONFIBEN
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MODEL TWO

. MODEL TWO |S THAT MODEL WHICH SHOWS THE REL ATIONSHIP
: OF ROTATION BETWEEN THE FOLLOWING AXES:
INERTIAL (X,Y, ), EARTH (Xg, Y, Zg), ORIGINAL EARTH-VEHICLE GEO-
CENTRIC (Xg %, Eq)» NEW EARTH-VERICLE GEOCENTRIC(Xf, Yk, Z§),
VEHICLE BODY (Xa, Ya, Ba), VEHICLE GEOCENTRIC(Xy,Yy,Zy) AND
WIND - VEHICLE (Xw, Yoy Bw).

NOTE: MODEL TWO INCLUDES A POLAR ORB\T.

DIFFERENTIAL EQUATIONS FOR THE EULER ANGLES

FOLLOWING THE NOTATIONS AND EQUATIONS (1) THRU (11) ON PAGE
23,24 AND 25, THE ANGULAR VELOCITY OF THE X, e, Z¢, AXES
RELATIVE TO THE INERTIAL AXES, BUT RESOWED ABOUT THE
X9 'Ye, Zg AXES, IS GIVEN BY |

e @)

SIMILARLY, THE ANGULAR VELOQITY OF THE BODY AXES RELATIVE
TO THE INERTIAL AXES, BUT RESOWED ABOUT THE BODY AXES \9
GIVEN BY:

® (=0), - oelEE o oateieien (&)
= B ¥: o

0

+[®][@J{§ NQ) E {8 “

{ms} = (R @
e R

THEREFORE, EQUATING THE RIGHT-HAND SADES OF EQUATIONS
(40) AND (A1) AND PROCEEDING AS ON PAGE 23, 24 AND 25, WE
OBTAIN THE RELATIONS

8=P SING TANG + R~ RCOS6 TANG + F €05 § SEC @ + T Cos e SIN Y SECH (42)
P=P cosO+R NG +Pp SINY ~Tx cos e cosy @3)
=P 5IN® SEC@+RCOSOSECH—Fp cosd Tand T condy SING TAnqprﬁr‘stF (a4)

- 30 - —CONFHDENT—
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Y
‘ TRANSLATIONAL EQUATIONS OF MOTION

FOLLOWING THE ANALYS\S ON PAGES 25 THRU 27,THE RADIUS
VECTOR, VELOCITY AND ACCELERATION MAY BE WRITTEN AS

FOLLOWS: .

. r= TLF @as)
V=rie +r ¥ cosdje + r e ke @e)
&= ¥~ r(f + ¥ cos Q,]Lp + [(ar@rg- r'ﬁ‘.__, cos - 2"§F'T|=5'N§] e

+E7§F+z?§ﬁ- rip_-F SING cos§,:]JgF &

THE GRAVITY ACCELERATION VECTOR MUST NOW BE RESOLVED
INTO COMPONENTS ALONG THE Xg, Y, Zr AXES, THIS NECESSITATES A
TRANSFORMATION FROM THE ORIGINAL TO THE NEW EARTH-VEHICLE
GEOCENTRIC AXES. SINCE THE Xg-AXIS |S COINCIDENT WITH THE
X@-AXIS, THIS TRANSFORMATION INVOLVE SIMPLY A ROTATION

ABOUT THE Xg“AXIS THROUGH AN ANGLE WHICH WE WiLL DENOTE
BY Ag. THUS:

A \ o . o ig

%p ={ O ?.‘.OS A SN AE Ae ‘ (a8)
. ke QO ~S\WNAg CO5Af Re

_[ K w (?-‘BCOSLQ)] LF
+E &t‘;‘;—R%-’— SIN Ag SIN§COS§] kF

+ E— \-%‘%3&3 COS Af SIN Qcosﬂk; as)

, FROM EQUATION ON PAGE 2\ AND EQUATION (48) WE CAN WRITE

[-o COSAg SINAs =[@]@@Kj@j@ 50

| o -omae cosx

31 ~CONHRENTHE
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*
‘ ' OR, \NVERTING,
\ ) o
o conae ~smne | = [FFOEEE &
QO SINAR COSAF :
THIS MAY BE REARRANGED 1N THE FORM,

(A | o cosre -smae |- (DG ] 52

O SINAg COSAe

EQUATING THE ELEMENTS IN THE LAST ROW AND SECOND AND
THIRD COLUMNS OF THE PRODUCT MATRICES ON BOTH SIDES OF
EQUATION (52), WE HAVE FINALLY,

COn P BN AR = — SIN B SN 405 L SIN A cos e 3
CosPCcosApa ~SNIL SIN §p COSTe = COS P SN A SIN G SN
+C0s3; cos A cos §¢ : (54)

WE CAN NOW SUBSTITUTE EQUATIONS (5%) AND (34) INTO EQUATION
(49) TO CBTAIN THE GRAVITY ACCELERATION N THE FORM,

= =K, euKRE o . 23V ;]
‘%—[—rv— -8 kaﬁcos@],\.g

¥ [ \Z—K&E’i SING (sINgi T -cosd; SINACOS 'Q’s\] AF

+ [ \zKT\.\ RE o 3 (9N3i snrcos Fercos Fi oA SN SN,

~cos §; cosa cos Q,,\]Jep ~ (55)

THE AERODYNAMIC, PROPULSIVE AND CONTROL FORCES ARE
AGAIN DETERMINED WITH REFERENCE TO BODY AXES AND THEN
TRANSFORMED TO VERICLE. GEOCENTRIC AXESD, Xg, Y&, B¢, USING ‘
THE TRANSFORMATION MATRIX OF EQUATION (21),BUT RECOGNIZING
THAT THE EULER ANGLES HERE ARE REFERRED TO THE Xg,Yr, B,
AXES,

32 -  CONFIDENT
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N e
. . |£ .

THE TRANSLATIONAL EQUATIONS OF MOTION MAY NOW BE
WRITTEN AS FOLLOWS!

—r(E T o) = 2R . scoéém*«*-(&w. M) (se)
r\.i', cosdp+ 2r Fp cosde -2r ép‘% SN,

RKuRS
= Tt SING(SIN & SINy —Cos §1 SN ACoS )
+ iln- (F-Q‘_ +P,!.= <+ H?F) ) (51)

Y o3 . 2
r.rardetrr '{rﬁ SIN G conde ='3——§9K: SING (9IN) BINGcosY,
+C0o8 &1 SIN A SINGe SINT, - CoB §; Cos A cos &)
+ JW-\(F§= Ryt Hir\ (58)

UPON 3J0LUTION OF THESE EQUATIONS, THE ALTITUDE MAY AGAIN
BE DETERMINED FROM EQUATION (27). BECAUSE OF THE NCREASED
COMPLEXITY OF THE EQUATIONS, EVEN WITH r AS A BASIC VARIABLE,
A REFORMULATION TO INTRODUCE h AS A BASIC VARIABLE 'S NOT
CARRIED OUT. HOWEVER, THE SUBSTITUTION INDICATED IN TWE
EQUATION, r=Rg+ 81, MAY BE MADE.

’

ROTATIONAL EQUATIONS OF MOTION [

THE CHANGE IN COORDINATE SYSTEM DOES NOT AFFECT THE
ROTATIONAL EQUATIONS OF MOT\ON AND EQUATIONS (28), (29)AND
(30) REMAIN APPLICABLE,

" B oy
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ANGLE OF ATTACK AND ANGLE QOF S\DESLIP

THE VELOCITY. OF THE VEHICLE RELATIVE TO THE EARTH
ROTATING AXES, Xe, Vg, Ze, MAY BE WRITTEN,

e = (3% ) + Tore X¥ ‘ (59)
IN WHICH P 1S GIVEN BY EQUATION (45), (fr)r DENOTES, A PARTIAL
DIFFERENTIATION \N WHICH Ly, 4r,Jtx ARE HELD FIXED, AND Sge
S THE ROTATIONAL VELOCITY OF THE Xg, Yo, Zr FRAME RELATIVE

TO THE Xg,\Yg,2g FRAME, |N TERMS OF COMPONENTS ABOUT THE
Xe, &, Be AXEDS, Topg 1S GIWVEN BY,

{m @il - @@ Bl e
. F & o ne

OR, AFTER PERFORMING THE INDICATED MATRIX MULTIPLICATIONS,

foope = {W‘Q’, SIN @=L SINY) cos [ con §, 4
—Ngcos i SINA SN COsE N cond; COSA51N§;} by
+ -7§,,+.n.gsm§;. SN, - e Cos ) SN ACOS 11-,;} 4e
*{Jpcos e+t sING; cos T sING,

+Ng oS §; SINASINT, SINPe ~e COS §; COS A c.os§,.} Ag (@)
IF WE NOW ALLOW A WIND VELQCITY GIVEN &Y,
Lv Y v it Vo A+ V"i; K @2)

THE VELOQITY OF THE VEHICLE RELATIVE TO THE. AIR BECOMES,
Va = (B} e + ore x7-Tu o G
INTRODUCING EQUATIONS (49), (6)AND (©2) INTO EQUATION(GY),
WE HAVE FINALLY,
Va= Vi b+ Nayg, Ae v‘hJeF Y]

WHERE ) ‘
Var =0 - le'

+Necosd; SINASINY, SIND _-NeCosd) cosA C°5§F) “Vwy
F

Vag = e ReSNELSINTH RecosH SNACOSTR) ~Vavg,

- 34 -
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GOSN

)

-
NV = \l Vo, + Vg + \/.,"i‘R | (@5)

\1 SPACE and INFORMATION SYSTEMS DIVISION

N

AND

o AND @ MAY NOW BE DETERMINED AS PREVIOUSLY , ON PAGE
29, WiITH EQUATION (38) BEING REPLACED BY THE RELATION

Cos X COSE Vay /Va

swe  =[@NE)ENE)] (v, @4

SINX COSP Neg, v

WHERE AGAIN THE TRANSFORMATION MATRIX \S THE TRANSPOSE
OF THE MATRIX IN EQUATION 272).
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CART I-A

MATHEMATICAL M2TEL FOR LAUNGCH ESCARE SZWSTErA




LAUNCH ESCAPE PROPULSION SYSTEM

DEFINITIONS?

‘ C.M. - COMMAND MODULE
L.E.S~LAUNCH ESCAPE SYSTEM
Xa,Ye,Ze,~ COORDINATE BODY AXES OF CONFIGURATICN
P -LE.S PROPULSION |
Py, Py, Pz, —L.E.S. PROPULSION ALONG COORDINATE AXES
Psrm = SOLID FUEL MOTOR PROPULSION
RxsFM = RADIUS ALONG X-AXS FROM S0ULD FUEL MOTOR
TO CENTER OF GRAVITY LINE
Tx, Ty, Tz = TORQUE ABOUT COORDINATE AXIS
£(FB) —~FUNCTION OF TOTAL FLUEL BURNED
C.G. —CENTER OF GRAVITY
C.G., —CENTER OF GRAVITY AFTER FUEL BURN OUT

INTRODUCTION ¢

IN THE EVENT OF ABORT CONDITIONS OF THE APOLLO
MISSION DURMNG THE PRE-ORBIT PHASE, THE LAUNCH
ESCAPRPE SYSTEM 1S UTILIZED TO LIFT THE COMMAND
‘ MODULE FROM THE BOOSTER TO SAFETY,

TRAJECTORYX:

N GENERAL, THE TRAJECTORY RESULTING FROM THE
SYSTEM UTILIZATION 1S PARABOLIC WITH AN ALTITUDE
OF APPROXIMATELY ©900 FT. AND A SPAN CF APPROXIMATELY
2600 FT.

PROPULSION S

AS SHOWN IN FIGURE 1, THE PRIMARY PROPULSION OF
THE SYSTEM 1S PRODUCED BY A SINGLE ENGINE. THROUGH
FOUR NOZZLES PLACED AT AN ANGLE OF 23° TO THE
FORWARD THRUST VECTOR, SINCE THE EXTENS\ON OF
THIS WVECTOR PASSES THROUGH THE C.G. AT ALL TIMEDS. IT
MAKES AN AMGLE WITH THE Xg AXIS OF Z°i5, AS THY
CUEL BURMS AMD THE. C.G. SHIFTS T2 TS FINAL POSITION Tl
THE VECTCOR EXTEMDED CONTINUES ESSENTIALLY VO
o PASS THROUGH THE C.G. AT ANY TIME T.




T FR0D\A

WELISAS NOISTINACEHd 2AVYOSE HONOYN

9z 8z

1O NenS )
=02 2 Sigv oo >
/I

< zes

-

/ o ,wp..nw —— et




THE INITIAL C.G. 19 .78 FROM IMPULSE POINT OR
CENTER OF THE COSRDINATE AXES. AS THE FUEL
BURND, THE C.G. SHIFTS TO A POINT 10.70° AWAY, MEASURED
ALONG THE Xa-AXIS., A SCUID FUEL MOTOR 1S LOCATED
N THE UFFER REGION CF THE ESZAPE TOWER NORMAL
TO THE Xg-AXIS. FOR FURTHER SIMPLIFICATION, THE
FPROPULSION VECTOR OF THIS MOTOR 1S5 CONSIDERED
DIRECTED PARALLEL TO THE Zi-AX\S.

CONSEQUENTLY THE PROPULSIVE FORCES ALONG

THE THREE AXIS CAN BE WRITTEN

Pags =P cos 215
ByLes = O
Paes = P SIN B + Pgrm

TORQUE ! THE TORQUE ABOUT THE AXES ARE:

Tx g = O
Tyes = I8 12.92 {(Fe)Pes s ¥ 15"
+{Rues +3.92'¢(F 8| Psem

Teres =0




PART TIT

MATHEMATICAL MODEL FOR MIDCOURSE ENVIRONMENT




Ron

ACCELERATION VECTOR OF VEHICLE RELATIVE TO (
LUNAR INERTIAL AXES.

LIST OF SYMBOLS g

ACCELERATION VECTOR OF VERICLE RELATIVE TO
SUN INERT\AL AXES.

GRAVITATIONAL ACCELERATION AT EARTHS SURFACE.
GRAVITATIONAL ACCELERATION AT MOONS SURFACE.
GRAVITATIONAL ACCELERATION AT SUNS SURFACE
RADIUS IN FEET OF EARTH AT EQUATOR.

RADIUS IN FEET OF MOON AT EQUATOR.

RADIUS IN FEET OF SUN AT EQUATOR.

EARTH GQRAVITATIONAL CONSTANT.

MOON GRAVITATIONAL CONSTANT.

SUN GRAVITATIONAL CONSTANT,

RADIUS VECTOR FROM EARTHS CENTER TO VERICLE
CENTROID. |

RADIUS VECTOR FROM MOONS CENTER TO VEHICLE
CENTRO\D.

RADIUS VECTOR FROM SUNS CENTER TO VEWICLE
CENTRO\D.

LENGTH OF Y.
LENGTH OF 1.

LENGTH OF ¥y,

SPHERICAL ANGULAR COORDINATE OF VERICLE
MEASURED NORMAL TO NOMINAL EARTH TRAJECTORY
pLANE’

SPHERICAL ANGULAR COORDINIATE OF VERICLE MEASURED
NORMAL TO NMOMINAL MOON TRAUJECTORY PLANE.

SPHERICAL ANGULAR COORDINATE OF VERCLE MEASURED |
NORMAL TO NOMINAL SUN TRAJECTORY PLANE.

1



SPHERICAL ANGULAR COORDINATE OF VERICLE
MEASURED 1IN NOMINAL EARTH TRAJVECTORY PLANE.

SPRERICAL ANGULAR COORDINATE OF VEHICLE
MEADURED IN NOMINAL MOON TRAJVECTORY PLANE.
SPHERICAL ANGULAR COORDINATE oOF VEHRICLE
MEASURED IN NOMINAL SUN TRAUECTORY PLANE.
HELIOCENTRIC LATITUDE OF LAUNCH POINT.
SELENOCENTRIC LATITUDE OF LAUNCH POINT.
VERICLE MASS.
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GRAVITY VECTORS

THE VEHICLE TO EARTH GRAVITY VECTOR \S DESCRIBED
N PARYT I, MODEL TWO A%

. _ 2 ‘o __ % -2
‘.%*—r WHERE K=deRg, K=1.408X\0 FT SECT (V)

SIMILARLY THE VEHICLE TO MOON VECTOR CAN BE
DESCRIBED AS:

._-"r%— Ly, WHERE K =g, R%‘_, K =1 778 X104 FT® sEC? (2)

IN THE SAME MANNER, THE VEHICLE TO SUN VECTOR
CAN BE WRITTEN AS: -

~¥h

=

i.Fh WHERE. Ky, =g, Ry, Kp=h8T9XIO FT sEC? (3)

RELATIVE TO TRE F’ FRAME, THESE EQUATIONS ARE
SUMMED UP TO FORM A FOUR-BODY GRAVITATIONAL
EQUAT\ONL

g |-k KKy,
e i B (4)

FOLLOWING THE ANALYSIS OF PAGES 30 &3\ OF PART I,

MODEL TWQ, THE MOON AND SUN REFERENCED TRANSLATION
EQUATIONS OF ACCELERATION MAY BE WRITTEN ASH

-— o0 > J R s 2 hA4
4 .= [ﬁ.‘ v ( §;+ sz&c.o*zaz §F,)~ L + Ka AL Q‘F‘_\ cos
° ° . [ oo . > *2
—en §“x.-ty"\:5“\,3 §“'\.:] FC" [L éﬂf Zr&ﬁf C 1Y\‘\.S\N QF\.C‘OS §>"‘\-__J“l"n. (5)

Ay, :Er'h- rh (?Q:; h+ 13{;\ cotd Fhi L‘L + Kz 'rh‘@'Fh«- rh‘.Q"Fh) cos §Fh
-2 LY ég{@'ﬁ\%\ N QF\'\] J.a Fh + Ehi Fh+ 2 \.'hérh'\' rh.@':hs IN @phCOS @ikﬁ‘(@\

COMBINING EQUATIONS (4), (5) AND (6) ABOVE WITH EQUATIONS
(5©), (37) AND (58) ON PAGE 33 OF PART I, MODEL TWO, AND
DISREGARDING AERODYNAMIC AND EARTH OBLATENESS
FORCES, THE MIDCOURSE TRANSLATIONAL EQUATIONS
OF MOTION MAY NOW BE WRITTEN AS FOLLOWS:

2.




V(g B cof )+ Kon (i pHicodds) +he n(ErrE cote,)

“a TR G (R He) + 7 (P + Hi, ) @

(2 PW.Q'F-\'r'.O}F) cos - 2r?§j:;psm $+(2 ﬁ_ﬁ,t m.lfar,_\c.os e,
-2n :§FL‘.Q-F‘_S ™ QFL'*' (2. .rh\ifpg’r rh:@\'-'\ C0S @;h‘ 2 L™ gﬁphﬁph S Né‘h
= (Par ) i (e ) (P, ) @

—

rd +2'V§F+r-§:_': sind_cos .+ rﬁ&ﬂ-z{-@;«-mﬁ SING cos e
+ rh§ vk & +rh1'y:hsm 3, o5, = m (pQF*'HQF\i—m (Pi:*' HEc)
+ m(%;h-\- Mae ) ()

TO SIMPLIFY THE SOLUTION OF THESE EQUAT\ONS, THEY MAY
BE SEPQRATED INTO 'ﬂ-\REE_ SETS AS FOLLOWS.

“'~r(§f+‘i§;c,os PE) = —Sa 47 (R Hy)
(e Grr)ces @-Zf%“ksmsfeﬁ ™ Py rHer) | (9

(g +erd +risngecosd =t (Pg. +Ha)

(2&'@';3‘1.@';‘)(:05 15;&-?.*1&:['@; SIN iﬂ (P‘Q ““‘Q’p\) . 0y

nde+ \q_@; +er1'; S\NQFLCOS: Q:L m(p§= el TR

———— <5 e e o =

p——————
-

r;\(QF:r o C_OS é’-ﬁ) h (P\'h-\- Hrh\

(Zrh‘\h r\."ﬁ’gh) oS e - 2"»@: “‘@? m(p\?c H‘Ywh\ (‘2‘ |

‘Zﬂ%f’f‘.‘i\?ﬁﬁ_‘%}%ﬁ‘“ Br,C05 3= (Pl i)




PART NV

MATHEMATICAL MODEL FOR SPACE RENDEZVOUDS

(REFERENCE MD59-2712)




a -
A -
B -
o -
e -
s -

LIST OF SYMBOLS

SEMI-MAJOR AXIS (FEET OR MILES)

BINORMAL VELOCITY COMPOMEMNT (FT/SET) FERKY VERCLE
IMORMAL VELOCITY COMPONENT (FT/SEC) TARSET VEWCLE

CIRCUMFERENTIAL VELOCITY COMPONENT (FT/SEC)

ECCENTRICITY |

TRUE ANOMALY 9 -0 /=ADIANS)

Fx,, Py, Fz, " THRUST OR PERTURBATION A.c.r;E.L.ERm‘\oms(HoM\Meh(FT/se:&}

W -
T -
1, -
I, -
(i, 4 -
L -
h -
K -
L -
N -
b~
R -
r -
s -
X (z) =
(&)~
Z ()~
o -

VELOQITY THRUST COEFFICIENT

TOTAL IMPULSE FUNCTION (FT/SEQ)

IMPULSE AT DEPARKTURE POINT (FT/3EQ)

IMPULSE AT ARRIWWAL PSINT (FT/SEC)

UNIT VECTORS !N A CRCUMFERENTIAL, BINORMAL RADIAL SYSTEN
INCLINATION

ANGULAR MOMEMTUM PER UNIT MASS (FT7<2C)
PRO~ORTICHNAL THRUST COEFFICIENT

LEAD THRUST COEFFICIENT

RATE OF CHAMGE OF MEANM ANCMALY (AVERAGE ANSULAK
VELDQTY - RADIANS/SEC

CEMILATUS RECTUM (FEET SRMLES)
RADIAL VELOTITY COMFONENT (F1/ee7)
RADNS TC SATEULTVE (FEDT OR pLEE)

LA PLATE TRANSFORM FREQUENCY VARIASLE
LAPLUACE THAMNDFORM COCRTVIATE &X'S
LAPLACE TRANMSFORM COORDINIATE AXIE
VAPLACE TRAENDIFORA SORINNATE. AXIS

ANGLE BETWEEN TREANSFEKR OREBIT RUANE &AM WAL
TRENT SLANE {(RAU&MD)




Kz — ANGLE BETWEEN TRANSFER ORBIT PLAMNE AMD TERMINAL
ORBIT PLANE (RADIAND)

6 - ANGLE FROM ASCEMDING NODE TO POSITION IN TRAMSFER
@ ORBIT (RADIAMS) |
88 ~ 6,-6, (RADIANSD)
B - GRAVITATIONAL COMSTANT (FTY/sEC?) 1.407220% X 10'
. @, -  ANGLE FROM REFERENCE AXIS TO POSITICOM 1M INITIAL ORBIT

(RADIANSD)

o = ANGLE FROM REFERENCE AX\S TO POSITIOM 1IN TERMINAL
OREIT (RADIAND) ‘

" B = 6p- w (RADIANYD)
W -~ ARGUMENT OF PERIGEE, ANGLE FROM REFEREMCE. AXIS TO

PERIGEE POINT (RADIANS
N - RIGHT ASCENSION OF ASCEMDING NODE (RADIANS)
SUBSCRIPTS:

P | - TRAMSFER ORBIT AT DEPARTURE POINT
2 - TRANSFER ORBIT AT ARRIVAL POINT
3 - APPLIES TO ¢, CNLY (SEE ABOVE)
1 - INITIAL ORBIT AT DEPARTURET POINT
22. - FINAL ORBIT AT ARRIVAL POINT

NOTE: WHEN APPLIED TO CREITAL ELEMENTS (b, € w, L)
SUBSCRIPT { REFERS TO THE INITIAL ORBIT AND
SUBRSCRIFT 2 RIFERDS TO THE TERMINAL ORBIT. ORBITAL
ELEMENTS OF TRANSFER OREIT ARE DENOTED WITHOUT
SLVBDCRIPTS,




NITIAL ORBIT

DEPARTURE POINT

FERRY VEWCLE

TRANSFER ORRBIT

ARRIVAL
POINT

TARGE
VEHICLE

Al

\TERM\NAL ORB\T

TRANSFER GEOMETRY
FIGURE 1




DEPARTURE.

el

TERMINAL ORBIT PLANE -~

ARRIVAL

PROJECTION ON UNIT SPHERE

F\GURE 2




SATELLITE RENDEZVOUS

SATELLTE RENDEZVOUS MAY BE CONSIDERED TO TAKE
PLACE IN THREE PARTS., FIRST THE LAUNCH AND BOCST
PHASE, IN WHICH THE FERRY VERICLE 1S PLACED N AN
ORBIT, AT NEARLY IDEMTICAL AS POSLIBLE, TC 70 OF THE
TARGET VEHICLE., SECONDLY, THE ORb.T/\L TRANSF ER PRASE,
ING WHICH THE FERKY VEHICLE FRORELD ITSTLE INTD TVHE,
TRAJECTORY A0 SENMERAL WVICINETTY OF T TANRSGEY
VERICHE . THIRDLY, THE HOM!M G FHATE, N WHICH TTwE FERRY
VERICLE, % GUinEl. Sy Q% BEU EC“ Y HCALLY LT
DOCKING PCSATICH WITH THE ARPFIROFRIATE. ON BCAID
PRCPULSION SYSTEMS., THE EQUATIONS PRESENTED I THIS
REPORT WILL DEAL WITH THE TRANTFER AND ®HOWING
DHA S OF THE SATELULTE REMUEZVOUS PRORLIWV,

CLAUDBE OF THEIR APPLICATIONM TO 'THE_ AP OLLO PQJJF =T

ORBITAL TRANCFER

TO EFFECT AM ORBITAL TRANMSFER REQUIRES & TWO
STER IMPULSE TO CHANGE 'HE FERRY VERICLE ERMOM TS
INITIAL DREANT WITH ELEMENTS £, €, wu, {; ANDL,, TO
THE TARGET VEHICLE OREBIT WATH ELTMENTS p,, €5, iy,

Lo AND Yy, 0F THE TERMINAL OREIT 1S USED AS A

REFERENCE, L, =0. ALSD, THE TYMETRY OF THE
CEMTRAL GRANTY FIELD MAKES TRE CRIENTATION OF
THE LINE OF NOTES 2F 10 VALUE, THERTFOR Jb, =0.
COMSEQUENTLY, TINCE THE VALLE OF (b, 'S ARBITIRARY,
THE FROBLEM 1S SPECIFIED BY SEVEN PARAMETERS:
AN INITIAL ORBIT WITH ELEMENTS p,, €, wy, &,, AND A
TERMIMAL ORBIT WITH TLEMEMNTS p,, €,, AND w,.

THE THREE PARAMETER FAMILY OF TRANSFERS
BRETWEEN TWO POINTS TANM BE CTETERMINED USING THE
RULE ! GIVEN TWO POINTS NOT COLLINEAR WITH THE
ORIGIN, AND A QUANTITY "p" GREATER THAN ZERO,
THEIR E£X\TTS A UNIQUE CONWC PASSING THROUVUGH THE
TWO POINTS, WITH THE ORIGN AS FOCUS,; AND """ AS
TS SEMI-LATUS RECTUM.




LET £8, AND r;8, BE THE TWO POINTS. |T |S NECESSARY

TO OBTAIN €>0 AND w SUCH THAT @
P » :
= : n =
n I+e c.os(e\-w) ) ¢ i+ e c.os(ez-w) (N
AND !
-1-\?- ~l =€ cos(6,-w); 3:— -1=€ cos(8,-w) (2)
\ (2

LET £1=A AND £-\=8,
n Y

THEN:

Az € cos(f,~w); B=e cos(6-w) (®)
OR: % = COs5(6,-W); %.—. cos (82~ W) (4)

USING THE SPHERICAL TRIGONOMETRIC \DENTITY ¢
SIN(B, - W) 5IN(B2-6)) = cos (8- w)cos(8,~6))~ cos (B2~ w) (s)
1N (9 -w) 81N(B-8)) = % cos(9,-8) - -E’é )
_ A cos(B2-8) -B

SIN(8-w) = oo (82-9) 0

USING EQUATIONS (4) AND (1)@

SINZ(6, - W) + Cogt(Q, - w) =\

A% cos?(8,-0)) 2 AB cos(9,-8) +B + A
€* 51N%(8,-8)) P
!
LET 0,-8,=A\6 THENS
A2~ Ao 1F A0 - 2AB cos A0+ BF AT SINASR 2
z = C
SINTASD
2 9 2
e = \/A ~2AB Cos L0+ B | @
|ow 8|

EQUATIONS (4), (1), AND(8) FORM THE SOLUTION.




THE CONIC DEMONSTRATED BY THESE EQUATIONS \S
UNIQUE , BUT AS AN ORBIT IT MAY BE TRAVERSED iN
EITHER OF TWO DIRECTIONS. HOWEVER, WE SHALL ASSUME
THAT THE PATH WHICH TRAVERSES AN ANGLE OF LESS

THAN 180° SHALL BE SELECTED IN ALL CASES IN THAT IT
1S THE SHORTEST ROUTE. ‘

TRANSFER GEOMETRY

TRANSFER GEOMETRY CAN NOW BE DEFINED. GWEN
THE INITIAL AND TERMINAL ORBIT ELEMENTS(R, e, w1, p,,
€25 Uy) A TRANSFER ORBIT 1S PRESCRIBED BY SELECTING

TWO ANGLES AND A DISTANCE. THESE ARE ¢, ,THE POSITION
OF THE DEPARTURE POINT ON THE INVTIAL ORRBIT, ¢&.,, THE
POSITION OF THE ARRIVAL POINT ON THE TERMINAL ORB\T,
AND P THE SEMI-LATUS RECTUM OF THE TRANSFER CONIC.
THE CONIC 1S UNDEFINED FOR VALUES OF ¢, -¢ =83 =0,

IMPULSE. FUNCTION

A DOUBLE-VALUED IMPULSE FUNCTION OF THE VARIABLES
B, &, AND P MAY NOW BE DEFINED. THE RADIAL AND
CIRCUMFERENTIAL VELOCITIES OF A CONIC ARE GIVEN BY!

R=Vap e s (0 -w) ‘ (9
C =\} % E+e cos(e-«q] (i0)
THE IMPULSE FUNCTION \S THEN DEFINED ®BY:
I=1 ~+ 11

OR !

I =V(R\-R\b2+(c ~Cucos cxhz-t{ CLSIN 0(§+\/(R2“R7_z)1+(c 2~Cap COSY § +(C 2 SN 0(3 (l )

THE VARIQUS RELATIONSHIPS IN THE TRANSFER GEOMETRY
CAN BE SEEN BY REFERING TO FIGURE 1 AND 2.




THE PARTIAL DERWATIVES OF THE \WMPLICIT IMPULSE
FUNCTION WITH RESPECT TO &,,%,, AND ¥ MAY NOW BE
WRITTEN AS:

Ri-Ry _
b% I\ S AL R'z_C.OSQ\ R\\ cosAe m + \J C\b SIN Ae]

+C1"’C\\ Cos X, L R“\] ﬁ ]+ Cn "C\ CoS U, [:_R“]

IN N cos
+ I, SIN*A0 SIN LS ¢7_ JaC)

_7:_‘&_ [ Cz_sz 2 2 \
Y omas [ eosT R“\l ] T,oneme >N L, sing, (2

Ri-R \Iﬁ MG C -
=——— R 0L+R _‘ ==t LS\NZL N
b%% I‘ SN Ae[ ZCOS 2 2 I\ IN BAB \ Sl ¢‘ SIN ¢-2—

R —
??. S\:Z)B [R\ CoslRa TRy cos LB V%J(V/‘/Q -C?_Z) SIMALS

Co—Cy, cos Coo=C, cos®
CamCopconty | o N ¥p |4 Sa=Cas _

CeC2 [ _.,2 . ] '
+ PRI sIN® @, SN, cosAd E)
~R
bx/ap "";g P“S‘N ~8 LR\ SINAB-2(\-cosAe) W‘/p > |
AR \ {
G —Ch COSK, |: :] -R. i /._.\
+T e C +?-_L_&_-—17_1° ciip | Resmad+2(l cosae)\]pp |
Co—Cor CosN
Y z?i: - [C_;_l | (14)

THUS, A CLASS OF ORBITAL TRANSFER EQUATIONS HAVE
BEEN FORMULATED AND DEFINED.

G.




HOMING

HOMING CAN BE CONSIDERED AS THE ACT OF QUIDING
A CRAFT TO A SATELLITE TARGET WITH INITIAL POSITION
AND VELOCITY DIFFERENCES OF APPROXIMATELY 20 MILES
AND \00 FT/SEC RESPECTIVELY, TO WITHIN .05 MILES AND
2.0 FT/SEC. THUS, ORBIT TRANSFER ERRORS ARE CORRECTED
UNTIL TRHE DOCKING MANEUVER CAN BE ACCOMPLISHED.
A COORDINATE SYSTEM WITH THE ORIGIN AT THE TARGET
VERICLE |9 ORIENTED SUCH THAT §

THE %-AXIS 1S IN THE TARGET PLANE POINTING FORWARD

THE %-AXIS IS DIRECTED BINORMALLY

THE Z27AXIS |S RADIAL
THEN, THE FIRST ORDER EQUATIONS OF MOTION ARE:

e R L R IR

Fy‘_—_.\}\ + '“/r3 Y (\53

(X J e M
Fa,= 2 — /7r5(2+ %)z‘ - 2%2 KNt e r’?l £ X,

MAKING THE FOLLOWING SUBSTITUTIONS

- P
h=Vup'; r=a(l-€9); n=\Hgn 5 r=Tiecoss

AND CONSIDERING THE PATH OF MOTION TO BE CIRCULAR BY
LETTING € -0, EQUATION (15) BECOMES:

e 2 7
Fi, =% —€n'(X, cosf +2 2 sinf) +2n(1+2& cosf) =,

=y, =Y, + (1432 cosf)y, : (\6}

F-z,‘-‘-.i., -2 enZX. SINE —- “2(3 +10e cosf)Z, -2n(+2e cos 'F).;f'

NOTE THAT THE "¢’ TERMS STILL REMAIN BUT THAT THE € AND
'S TERMS HAVE BEEN CANCELED N AS MUCH AS THIS
SIMPLIFIES THE EQUATIONS WITHOUT ANY APPRECIABLE LOSS
N ACCURACY. EQUATIONS (16) CAN BE FURTHER SIMPLIFIED
IF THE "~" TERMS ARE REMOVED ENTIRELY. THIS HAS BEEN
SHOWN TO BE PERMISSIBLE PROVIDED THAT RENDEZVCOUS
1S COMPLETED WITHIN ONE ORBIT OF THE VEHICLE.

1




THE EQUATIONS CAN THEN BE WRITTEN 2

Fx, =X, ¥ 2N &,

Fy =y + Ny, (1)

Fz.\'—"- .Z.,\ -3 haz| -2n i\

SINCE THESE EQUATIONS HAVE CONSTANT COEFFICIENTS
THEY CAN BE WRITTEN IN TERMS OF LA PLACE TRANS-
FORMS AS FOLLOWS!S

(Xot+ 2Nz )[R +Hns+ (w-3)r] + X°<S+\~;\r\)[s"'+ Hns + (K-3) hE]

X(s) =
© D) D) o
_(Bomanxg(ans+Lm)  zo(S+Hn)(ans+Ln? (\8)
DE) D)
= (5+Hn)ye +e |
Y@ = F+rns +(KH)n? (19)
2(9)= (Bo=2NnX)(F+HNS +Kn?) S22 (S¥HEHNs + K
- D(®) D(s)

+ @o +enzy(ans+ Ln") 4 X (s+HM(2ns +Lnd)
D(®) | D)

(2.0)

WHERE | :
’ - .
D= +anndHraxs \)n‘sz+_[§-}_(_z_5:§)+4 LirPs +(K=z Ot

INTEGRATION OF THE COMPLETE EQUATIONS OF MOTION
FOR BOTH THE TARGET AND FERRY VEHICLE MUST BRE
PERFORMED FOR PURPOSES OF RENDEZVOUS.

K



STEERING

TO ACCURATELY STEER THE VEHICLE TO THE POINT
OF RENDEZVOUS A'LEAD" TERM PERPENDICULAR TO
THE LINE OF SIGHT MUST BE INCLUDED IN THE STEERING
EQUATIONS WHICH ARE COMPRISED OF THREE PARTS:?

0 A UINE OF SIGHT THRUST TOWARD THE TARGET;
— Krf{xL+yf + 2 )

(@) A'DAMPING' TERM PROPORTIONAL TO VELOCITY IN
THE MOVING SYSTEM;

=Hn( i+ Hg + 2.4k)

(2) A"LEAD TERM PERPENDICULAR TO THE LINE OF
SIGHT, AND DIRECTED WITH A SENSE OPPOSITE TO

« TRAT OF THE VEMICLE'S MOTION ABOUT THE EARTH
OR MOON]

Ln® (%~ 2,4

THUS: o = =K%, - Hnk, - LR g,

Fy, = =0y, =Hny,

)

Fa,= Kz, ~Hng, +Ln'x,

ARE THE STEERING EQUATIONS FOR RENDEZRVOULS.
CONCLUSION®

RENDEZVOUS, 11 ITS TRANSFER AND HOMING PHASES, HAS

TEMN DESCRIBED MATHEMATICALLY N THIS REPORT, CF
NECESSITY, TWQ VEHICLES MUST BE (N ORIBIT PRIOR TO THESL
PHASES, THESE VEHICLES ARE REFERRED TO AS THE TARGE T
AND FERRY VEHICLES, THE FERRY YEHICLES T RAJECTORY
AMD LOCATION AT ANMY TIME SHALL 25 CCMPUTED BY THE
EARTH OR LUMAR ENVIROMMENT SECTIOMS OF THE COMPUIER.
HOWEVER, FOR PURPCSES OF TRAINING, THE TARGET
VEHICLES TRAJECTORY AND LOCATION CAN &E PRE -
PROGRAMMED OR TAFED INTO THE RENDEZVIUS =ORTION
OF THE COMBPUTER, THEN, THE FERRY VEHICLE., USING TS




K \

ONBOARD PROPULSION AND REACTION CONTROL

CAPARILITY PERFORMS THE NECESSARY RENDETAVOUS
MANEUVERS.

BY PROSRAMMING AND COMPUTING SIMULATED.
RENDEZVOUS PROBLEMS ON AN \BM 030, THE OPTIMUM
VALUES FOR W, K, AND L N THE STEERING EQUATIONS
WERE FOUND TO BE ©, 1o, AND & RESPECTIWELY. OPTIMUM
IMPULSE QUANTITIES FOR PARTICULAR PROBLEMS WERE
AL D0 ASCERTAINED.

@)




